This paper provides an analytical review of the evaluation of alternative time streams of consumption and the closely related concept of time preference. The potential sensitivity of comparisons, especially to the choice of time preference rate and elasticity of marginal valuation, is demonstrated. The nature of time preference, based on an axiomatic approach, is then discussed. The analysis of optimisation over time leads to the concept of the social time preference rate, and a difficulty with using this rate is highlighted. Approches giving rise to declining discount rates over time are discussed, including alternative welfare functions and the role of uncertainty. This is followed by a critique of methods used to 'estimate' a time preference rate. Finally, complications introduced by non-income differences between individuals are examined. Emphasis is placed on the central role of value judgements. * We are grateful to Denis O'Brien, Tony Scott and two referees for comments on an earlier version of this paper.
Introduction
The aim of the present paper is to review a central issue in the evaluation of alternative time streams -that of discounting. The context is one in which evaluation of a public project is made by a disinterested judge, that is someone who has no personal interest in the outcomes. Investment projects typically involve a present cost incurred in order to achieve future benefits. 1 These might be in the context of investments in health technology, civil engineering projects, or environmental protection. It is therefore necessary to evaluate alternative outcomes, involving different time streams of net benefits. Despite the long-standing nature of the problem, it remains controversial and even the basic issues are far from being settled. 2 One of the problems concerns a lack of clarity over the concepts. Another difficulty arises from the fact that there is no escape from fundamental value judgements, while protagonists on different sides of debates often conceal their value judgements.
Hence it is important to be clear about precisely how they enter the calculations and how they may be specified. Emphasis is placed on the analytical issues rather than providing a comprehensive literature review. Section 2 sets the scene by considering social evaluations based on the concept of a social welfare function: this is dominant in the literature concerned with evaluating public projects. This form of welfare function involves, as well as attaching different weights to different levels of consumption irrespective of their timing, the discounting of future flows using what is called a 'pure time preference rate'. There are alternative views about the way to proceed. One approach is simply to say that the social welfare function is meant to represent alternative value judgements and therefore results should be reported for alternative time preference rates. Some economists attempt to impose their own value judgements, using rhetorical arguments suggesting for example that pure time preference is in some sense 'ethically indefensi- 1 In any exercise of this kind there are obviously huge problems associated with measurement issues and uncertainty about the future. But these are not the focus of attention here. 2 For example, the controversial nature of discounting is demonstrated by the debate over the Stern Report (2006) on climate change; see, for example, Carter et al. (2006) , Dasgupta (2006) , Nordhaus (2006) and Varian (2006) . ble'. Thus Ramsey (1928, p.543 ) stated that discounting utility over time is 'a practice which is ethically indefensible and arises merely from the weakness of the imagination'. Pigou (1932, p. 25) also argued that time preference implies that 'our telescopic faculty is defective'. More recently an objection to discounting has been made in terms of overlapping generations, the criticism being that it is 'unethical' to impose the preferences of the current generation on the utility of people who are not yet born (Padilla, 2002) . 3 However, it is desirable to have a clear understanding not only of what is implied by pure time preference -or its absence -but what specific value judgements may lie behind it. That is, it is useful to appreciate how time preference can arise from more basic axioms stating value judgements in a clear way. Section 3 discusses an axiomatic approach to time preference, based on the argument of Koopmans (1960) .
Section 4 turns from social evaluations of exogenous time profiles to decisions regarding the socially optimal allocation of resources over time. It therefore concerns the planning, again by an independent judge, of optimal saving and consumption patterns. However, it uses the same kind of social welfare function. Section 5 returns to the evaluation of alternative streams in the context of cost-benefit analyses. It discusses the concept of the social time preference rate and highlights a problem with its application. Situations giving rise to the use of decreasing discount rates over time are examined in section 6, including the use of an alternative formulation of the social welfare function involving 'sustainable preferences' and the effect of uncertainty. Section 7 introduces some complications arising from attempts to allow for the fact that income units differ in size and composition. Some approaches to measurement are examined in Section 8. The interpretation of orders of magnitude regarding one aspect of value judgements is discussed in Section 9. Brief conclusions are in Section 10.
Social Evaluations
Suppose it is required to evaluate a time stream C = [c 1 , c 2 , ...] of consumption. For simplicity, it is assumed that the population consists only of individuals (rather than families), that the size of the population remains unchanged over time, and that consumption is the only economic variable considered to be relevant by the judge. These assumptions are relaxed in section 6.1 below. The term c t refers to aggregate consumption in period t. Hence there is, by assumption, no concern for within-period inequality among individuals. An evaluation cannot avoid the use of value judgements. Hence, the usual approach is to examine the implications of adopting a range of value judgements.
A Social Welfare Function
Consider social evaluations based on additive Paretian social welfare functions, that is functions for which social welfare, W (C), is a weighted sum of consumption values in each period and an increase in consumption in one period, without a reduction in any other period, is regarded as an improvement. There are two components to such functions, involving first a weight, U (c t ), to be attached to each c t , irrespective of the time period, t, and second a view about the timing of consumption, reflected in a constant rate of pure time preference, ρ.
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Social welfare functions of this class take the form:
The effects of discounting alone can be seen in Figure 1 , which plots the discount factor,
, against t, for several alternative values of ρ: in other words it shows how the present value of $1 falls as the time period increases. This rate of decline is clearly highly sensitive to the choice of ρ. The weighting function U -a cardinal measure of the contribution to W , before discounting, of period t's consumptionis -is sometimes called a utility function. Hence the pure time preference rate is sometimes also called a 'utility discount rate'. However, this terminology is somewhat misleading unless it refers to a single-person framework. The social welfare function W does not represent the wellbeing of society: above all, it does not represent 'society's views', but those of an independent judge. Consideration of alternative value judgements regarding U is simplified by the use of constant-elastic functions. This means that U takes the form:
where the term ε is the absolute value of the elasticity of marginal valuation, since dU (c) /dc = c −ε t and log(dU (c) /dc) = −ε log c t . Another way of describing ε is that it measures the judge's degree of constant relative aversion to variability over time: in the absence of discounting the judge would prefer to see a smooth consumption stream.
The implications of adopting different value judgements can therefore be examined, for a given consumption stream, by calculating W for alternative values of ε and ρ. Consider a consumption stream over 250 periods, where the initial value is 30 units and there is smooth growth at the constant rate of 2.3 per cent per period. The values of W (C) are highly sensitive to the choice of ε, as shown in Figures 2 and 3 , where each profile shows the variation in the present value of W (C) as ρ is increased, for a given value of ε. Figure 2 shows the reduction in the present value as ε is increased from 0.2 to 0.6, while Figure 3 shows variations for values of ε > 1, for which W (C) is negative.
The introduction of the terms ρ and ε in the social welfare function makes it clear that these reflect the value judgements of a hypothetical judge or decision maker. However, there is a literature attempting to 'estimate' values using a variety of methods. These are discussed in section 8. 
Comparing Alternative Time Streams
In view of the sensitivity of present values, it cannot be expected that alternative projects have the same ranking, independent of the choice of elasticity of marginal valuation and time preference rate. Consider the two profiles A and B in Figure 4 , where B has the fastest constant growth rate of 1.6 per cent, compared with A of 0.9 per cent, but the starting value of B is 5 while 7 Some authors decompose ρ to include a term depending on the perceived probability of extinction: see Pearce and Ulph (1998) and Stern (2006) . Figure 5 for ε = 0.6, showing that profile B is preferred for low values of ρ. However, it is found that for elasticity of marginal valuation, that is higher aversion to variability (values of ε > 0.88), the flatter profile A is preferred to B for all ρ varies.
More complex comparisons may result from more variable time profiles, making the choice of alternative streams more sensitive to the choices of ε and ρ. Consider Figure 6 , where time stream A results from a constant growth rate of 2.3 per cent (starting from 10 units), but profile B results from a fixed trend rate of growth of 1.8 per cent (starting from 4 units) combined with a cyclical growth component having an amplitude of 5 per cent and a wavelength of 165 periods. The consumption profiles intersect twice, so it is likely that stream A has the highest value of W (C) for both low and high values of ρ, while stream B is likely to dominate (that is have a higher W (C) value) for intermediate values, though the precise values are again likely to be sensitive to the choice of ε. An example is given in Figure 7 for ε = 0.2, The welfare function in (1) represents a particular set of value judgements, as well as those giving rise to pure time preference: the evaluation function is additive and Paretian. Alternative views about the desirable evaluation of a time stream of consumption are obviously possible, and professional economists cannot make prescriptions about the form to be used, but can only investigate the implications of adopting alternative forms. An alternative approach is discussed in section 6.1.
Existence of Time Preference
The social welfare function in (1) simply starts from the position that the independent judge whose value judgements are examined has positive pure time preference. However, the precise nature of the value judgements underlying time preference are not immediately obvious. The question considered here is whether time preference is implied by a clear set of axioms describing an Figure 6 for ε = 0.2 and Alternative ρ independent judge's or social planner's value judgements about time profiles of consumption. This makes it easier to identify precisely why judges may differ in their attitudes towards time preference. The following discussion is a simplified version of the argument put forward by Koopmans (1960) . 8 This is not in any sense a 'proof' that time preference does exist or is necessary: rather, it seeks to understand the nature of the axioms required and thus to make more transparent the nature of time preference.
An Axiomatic Approach
Consider an independent judge with an ordinal evaluation function, given by P (C) = P (c 1 , c 2 , c 3, ...) and defined over a time stream of consumption represented by the vector,
It is simply assumed that this function has the usual properties of evaluation functions, such as monotonicity and transitivity. For simplicity, it is assumed that the population consists only of individuals (rather than families), that the size of the population remains unchanged over time, and that consumption is the only economic variable considered to be relevant by the judge. The term c t refers to aggregate consumption in period t. Hence there is, by assumption, no concern for within-period inequality among individuals. Stated informally, the continuity axiom states that any slight variation in C does not lead to big changes in the valuation of C, while a boundedness axiom states that paths C A and C B exist such that P (C A ) ≤ P (C) ≤ P (C B ). If alternative paths were to produce unbounded values of P , they could not be ranked. 9 The sensitivity axiom says that if paths C 0 and C 1 differ in only the first period, then P (C 0 ) 6 = P (C 1 ). Essentially this is stating that the first period matters, in that it cannot be swamped by all other periods. Without the sensitivity axiom, a small gain to each of an infinitely large number of future periods, achieved at the expense of reducing consumption in the present period to zero, would be regarded as acceptable.
A non complementarity (or independence) axiom states that if two time streams differ only by the first period, their ranking does not depend on the form of the remaining stream. Here, it is convenient to introduce the notation
¢ . Hence, for two time
, where c k,t refers to consumption in the tth time period and the kth time stream, independence implies that if: P
1´ ( 4) and vice versa. Finally, a stationarity axiom states that if paths C 0 and C 1 have the same consumption in the first period, so that c 0,1 = c 1,1 = c 1 , then the ranking:
1´ ( 5) implies also that:
1´ ( 6) Hence the rankings of the alternative streams (with a common first element) remain unchanged if they are simply moved earlier one period in time.
Having stated the axioms, consider two time paths C 1 and C 2 such that c 1,t > c 2,t for all t, and all c k,t are positive consumption levels ('all goods are good'). It must therefore be the case that P (C 1 ) ≥ P (C 2 ). Suppose there are two other time streams, C 3 = (c 3,1 , C 1 ) and C 4 = (c 4,1 , C 2 ) where c 3,1 = c 4,1 . Hence streams C 3 and C 4 have a common first period's consumption level, and thereafter have precisely the same streams, respectively, as C 1 and C 2 . The stationarity axiom therefore implies that P (C 3 ) ≥ P (C 4 ).
By definition, the paths C 3 and C 4 , by having a common first element, are less different than C 1 and C 2 . Since, from above, each period matters, this implies that:
This property implies that the difference is smaller, the more distant in time it is: this is referred to as 'time perspective'; see Koopmans, Diamond and Williamson (1964) . Next, consider alternative streams such that C 1 and C 2 differ only in the first time period, such that c 1,1 − c 2,1 = 1. Hence the streams C 3 and C 4 differ only in their second period, by the same amount. Using (7) it can be seen that:
Hence, with only one unit of consumption available, there is a preference for having this in the first period, rather than having nothing in the first period and waiting to consume the unit in the second period. There is therefore a preference for bringing the consumption forward from the second to the first period. This result clearly implies pure time preference.
A Measure of Pure Time Preference
It is necessary to have a measure of the extent of this pure time preference. Consider for simplicity the two-period case. Time preference can be interpreted in a diagram with period 2's consumption on the vertical axis and period 1's consumption on the horizontal axis, using the concept of social indifference curves, along which P is constant. In general, the absolute slope of the social indifference curve, the marginal rate of substitution of period 1's consumption for period 2's consumption, MRS c 1 ,c 2 , is given by:
Where a social indifference curve passes through the point where consumption is the same in each period, the curve must be steeper than a downward sloping 45 degree line, which has an absolute slope of 1. This is because time preference implies that the social planner is prepared to give up one unit in the second period in order to get less than one extra unit in the first period. Hence:
A precise measure of pure time preference can be based on the extent to which the absolute slope of the social indifference curve at c 1 = c 2 exceeds 1, as follows. Suppose the evaluation function P is additively separable, so that P (c 1 , c 2 ) = P 1 (c 1 ) + P 2 (c 2 ). In the case where c 1 = c 2 = c and consumption is the same in both periods, time preference implies that P 1 (c) > P 2 (c). Writing P 1 (c) = U (c), it must be possible to write P (c, c) = U (c) + γU (c), where γ < 1, and hence when c 1 = c 2 = c:
To express the fact that γ < 1, write
Clearly ρ reflects the extent to which the social indifference curve at c 1 = c 2 = c is steeper than 45 degrees. Hence ρ measures the rate of pure time preference of the social planner, and γ = 1/ (1 + ρ).
In general it can be shown that if P (C 0 ) > P(C 1 ), for two streams C 0 and C 1 , then it is possible to write:
where, as above, U (c t ) represents an evaluation function defined over a single period, t, in contrast with the multi-period P . Hence, the ranking according to P (C) is the same as the ranking according to:
The evaluation function W (C) has the same form as the welfare function in (1) above. The difference is that in the latter case, pure time preference is simply assumed to be a feature of the social planner, who uses the cardinal weighting function U (c) in each period: it is necessarily cardinal because the values are added in (13) . However, following Koopman's axiomatic approach, time preference is seen to be implied by a set of basic axioms, where evaluation of a time stream is based on an ordinal evaluation function, P . In general, the absolute slope of a social indifference curve associated with the social welfare function in (13) is:
This may be compared with the special case of an iso-elastic weighting function,where:
Examples of two indifference curves are shown in Figure 8 . Consumption in each period is equal along the upward sloping 45 degree line from the origin. If, along this ray, each indifference curve has a downward slope of 45 degrees, it means that an increase in period 1's consumption by one unit must be matched by precisely the same fall in period 2's consumption. This would reflect an absence of pure time preference. A positive time preference means that giving up one unit in period 2 requires an increase in period 1 of less than one unit: hence the associated indifference curve is steeper than a downward sloping 45 degree line. In Figure 8 , each indifference curve shown is steeper than the downward sloping 45 degree line. The degree of pure time preference is thus reflected in the difference between the slope of the indifference curve and the 45 degree line. It can also be seen that the elasticity of marginal valuation, reflecting the concavity of U (the extent to which the slope, the marginal valuation, falls as consumption increases), is also a measure of the convexity of indifference curves. The solid curve in Figure 8 reflects a lower value of ε than the broken curve. The weflare function is also homothetic, whereby the marginal rate of substitution depends on only the ratio of consumption levels (the slopes of indifference curves are the same along any ray from the origin).
Choice of Optimal Time Stream
Instead of comparing given time-streams, consider a planner, with value judgements represented by the social welfare function in (1), who must decide on the optimal consumption and saving path of the economy. The welfare function is maximised subject to an intertemporal budget constraint which can be written in the form:
where Y represents a measure of the present value of resources available for consumption over the period, and r is the rate of interest in a perfect capital market. The Lagrangean for this problem is:
Hence first-order conditions, for t = 1, ..., T , are:
so that for two periods t and t + 1:
Convenient analytical results can be obtained where U again takes the isoelastic form U (c) =
, discussed above, so that the absolute value of the elasticity of marginal valuation,
, is constant and equal to ε. Hence (19) becomes:
Defining g t = c t+1 c t − 1, taking logarithms and using the approximation log (1 + x) = x, gives:
This expression is the Euler equation for optimal consumption: it describes the optimal time path of consumption. In this simple problem, if the various rates are constant, consumption either grows or declines at a constant rate, depending on the value of r − ρ. If the pure time preference rate is equal to the market rate of interest, consumption smoothing is implied, with g t = 0. Rearrangement of (21) gives:
This is often referred to the Ramsey equation. It means that at the optimal position, the market rate of interest is equated with ρ + εg t . It may therefore be said that along the optimal path, the planner equates the marginal return from saving, represented by the market rate of interest, r, with the marginal cost of saving, represented by ρ + εg t . The above analysis of optimal consumption is often used in macroeconomic models of optimal saving; see, for example, Blanchard and Fischer (1989) and Barro and Sala-i-Martin (1995). In such models macroeconomic behaviour is assumed to be captured by the behaviour of a single individual described as a 'representative agent', rather than a social planner as discussed here. There is therefore no consideration of aggregation requirements. In some growth models, the representative individual is assumed to be infinitely lived. The introduction of population growth and other complications can produce a different Euler equation from that given in (21), as discussed in section 7 below.
The Social Time Preference Rate
Previous sections have involved the use of the pure time preference rate, ρ, of a hypothetical judge in the context of a social welfare function to discount the weighted values U (c t ) for each period. However, in cost-benefit analyses it is common to compare present values of time streams of money values of consumption, using a 'consumption discount rate', rather than the so-called 'utility discount rate' (the pure time preference rate), ρ. Following (22) , the consumption discount rate, δ, is defined as:
This rate, δ, is also widely referred to as the 'social time preference rate'.
In the context of cost-benefit analyses where money values of an exogenous consumption stream are evaluated, (23) is the fundamental equation that takes a central role when discussing social time preference rates to be used. 10 The social time preference rate can therefore be positive even for ρ = 0. However, it is possible, if the growth rate of consumption, g t , is negative, for δ to be negative, if ε is relatively large and ρ is small. The use of the social time preference rate, δ, to evaluation a consumption stream c t (rather than the use of ρ to evaluate a weighted consumption stream U (c t ), involves an evaluation using W * , where:
It is usually taken for granted that this welfare function gives the same ranking of projects as does the function in (1). However, this is not guaranteed, as can be seen from the following comparisons.
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It is convenient to begin with the most favourable case, that is where consumption does in fact grow at a constant proportional rate, g t = g for all 10 In this context δ does not need to be set equal to the market rate of interest. This contrasts with determination of the optimal growth path, as in the previous section, where δ must be equal to the market rate of interest, r . The latter is determined by, for example, the marginal product of capital -depending on the precise nature of the growth model considered.
11 For a more detailed treatment, see Creedy (2007) t. Hence c t = c 1 (1 + g) t−1 and substitution into (1) gives:
Rearrangement of this expression gives:
and:
This final result demonstrates that W * , obtained by discounting money values of consumption at the social time preference rate, does not necessarily coincide with W , obtained by discounting U (c t ) at the pure time preference rate ρ. For given ε, W * automatically gives the same ranking as W only if ε < 1 and two consumption streams, with different growth rates, have the same initial value of consumption. Otherwise, inconsistencies can arise.
Hence it is advisable to use the basic form of welfare function in (1), with an explicit form for U (c t ), rather than discounting the stream c t using the rate ρ + εg.
Time Varying Discount Rates
Previous sections have concentrated on the use of constant discount rates. The expression for the social time preference rate allows for some variation via differences in the growth rate, but it is usual to impose a constant rate. This section considers two cases which give rise to the use of a discount rate which decreases as the time period increases. In subsection 6.1, an alternative approach to specifying the welfare function is examined, while subsection 6.2 briefly discusses uncertainty.
An Alternative Welfare Function
Attention has so far been restricted to examining value judgements which can be summarised by the social welfare function in (1), in which weighted consumption values, U (c t ), are discounted using a pure time preference rate. When considering an axiomatic derivation of time preference in section 3, the importance of the sensitivity axiom was stressed. 13 This ensures that the infinite future is not allowed completely to dominate the present. With this kind of welfare function, there is a basic tension in that, for very long periods, discounting implies that the present dominates the future. Given that the role of the economist is to examine the implications of adopting alternative value judgements, there is clearly a challenge to specify an alternative formulation of a social welfare function -one which does not imply dominance by either the present or a far distant future period. Ramsey (1928) realised that without discounting, infinite streams would be non-convergent and therefore could not be ordered using a welfare function like (1). His solution was to measure utility over time as a cumulative sum of the distance from a 'bliss' level of utility, but the main problem with this approach is the arbitrariness of the level of 'bliss'. An alternative value judgement, which has received much attention in the literature concerning income inequality, is a variation of the maxi-min rule discussed by Rawls (1971) . In the present context this form of welfare function selects the alternative which maximises the value of the lowest time-stream of consumption. But this criterion also fails to rank all the other streams. Similarly, an objective function that ranks the satisfaction of basic needs above all other outcomes fails to rank other outcomes.
One way of achieving a partial ordering of infinite utility streams without discounting is the overtaking criterion suggested by von Weizacker (1965). According to this welfare function, utility stream A is preferred to B if, after some finite time period, T , the cumulative utility of stream A is greater than stream B for all time t > T . However this is only a partial ordering of utility streams because one stream may oscillate above and below another stream indefinitely -it may never permanently overtake. Also, rather than replacing the need for discounting, the overtaking criterion comes close to Koopmans's axiomatic defence of discounting, because it implies that, for example, utility stream A:{0, 1, 0, 0, . . . .} is preferred to stream B:{0, 0, 1, 0, 0, . . .}. Stream B is stream A lagged one period. Hence stream A 'overtakes' stream B in period 1 but is identical thereafter. The preference for the overtaking stream therefore reflects a time preference; see also Heal (1998) who made this point.
An alternative form of social welfare function was proposed by Chichilnisky (1997), who was concerned by the fact that choice of a constant discount rate versus a zero rate involves a choice between a 'dictatorship of the present' versus a 'dictatorship of the future', referred to above. She suggests a solution based on axioms that aim for equity and efficiency in intertemporal resource allocation (the axioms are not discussed in detail here). Her approach is to take an arbitrarily very long time horizon and assign weights to future utility that decline over time and then to assign some extra weight to the utility in the last period. The social welfare function then consists of a weighted average of two terms: the sum of discounted utility where the discount rate declines over time, and the (undiscounted) utility in the final period. Hence:
with ρ 0 t < 0 and 0 < θ < 1. Chichilnisky (1997, p. 468) describes the value judgements reflected in this form of social welfare function as 'sustainable preferences' because neither the present nor the future is favoured over the other. 15 This welfare function therefore involves choice of an additional parameter, the weight θ.
In justifying the declining discount rate in the first term in (28) Chichilnisky refers to a large body of experimental evidence that the relative weight that people give to two subsequent periods in the future is inversely related to their distance from today. 16 Such preferences have been called hyperbolic preferences (Laibson, 1997) . In addition, a hyperbolic discount rate is found to be a necessary condition for an optimal path to exist in maximising (28) in the limit as T approaches infinity -a constant discount rate would not yield a solution. The second term in (28) justifies the term 'sustainable preferences' because it gives explicit recognition to the very long run (at time T ). Taking a weighted average of the two terms implies a trade-off between the present and the future, yet neither need dominate completely. These preferences are subject to the standard criticism of time inconsistency that applies to hyperbolic preferences since these are reflected in the first term in (28) . But this criticism is weak when the objective is a socially optimal consumption path. From a social choice perspective there is nothing natural or desirable about time consistency, a point made forcefully by Heal (1998) . His point is that as new generations arrive and older ones drop out of the choice process, there is no reason why the preferences of generations who have dropped out should be imposed on new generations in the name of time consistency. Chichilnisky's sustainable preferences cannot of course resolve the debate because they still imply a trade-off between the present and the future which is fundamentally an ethical judgement.
A variation on this type of welfare function reflecting sustainable preferences was introduced by Li and Lofgren (2000) . Briefly, society is assumed to be composed of two representative individuals who have utility functions specified over a very long period which spans several generations, on the argument that individuals care about their offspring. One individual discounts the future at a constant rate and the other does not discount. The social welfare function is specified as a weighted average of the utilities of the two individuals, with the weights depending on value judgements. It can be shown that the implied time preference rate in this welfare function declines over time. 17 This approach also differs from the welfare function discussed in Sections 3 to 5, where per capita consumption in each period is subject to a weight reflecting the independent judge's value judgements (involving the elasticity of marginal valuation). The Li and Lofgren approach involves an assumed 'representative' form of utility function and the constant pure time preference rate also reflects the properties of the individual who discounts, rather than the judge. The earlier approach took the view that, however individuals in society may actually discount the future in their private consumption decisions, and whatever the degree of concavity of their utility functions, the welfare function embodies only value judgements. The approach here allows the preferences of individuals in the society to carry much more weight. The advantage of the social welfare specifications discussed here is that they do offer alternative forms in which 'sustainable preferences' arise, in contrast to the extremes arising from (1), with either ρ > 0 or ρ = 0, in which either the present or the future dominates when very long periods are considered. Consistent with the basic approach recommended in this paper, involving the comparison of alternative value judgements rather than an attempt to impose investigators' own values, the availability of specifications allowing for a wider range of views is to be welcomed.
Uncertainty
The models of Chichilnisky and Li and Lofgren generate a declining consumption discount rate through a declining pure rate of time preference. Alternatively, a declining consumption discount rate could be imposed from the outset as an ad hoc way of taking account of uncertainty regarding the growth rate; see Weitzman (2007) . Suppose the growth rate of consumption is assumed to be constant, but uncertain, giving rise to a distribution of possible values of the consumption discount rate, δ. If the possible values are δ i , for i = 1, ..., D, and they have associated probabilities of p i , Weitzman (2007) showed that the effective consumption discount rate, δ 0 t , applying to period t is obtained not as a simple weighted average of the δ i s but of the discount factors. Thus the required relationship is:
so that, by taking logarithms and using the approximation, log (1 + x) = x:
It is clear from (30) that this declining rate weakens the 'dictatorship of the present' that arises with a constant discount rate, as do the models of Chichilnisky and Li and Lofgren. 18 
The Choice of Unit of Analysis
The previous discussion has assumed that there are no relevant non-income differences between individuals and that population size is constant. Suppose instead that the number of individuals at time t is N t and that individuals of age i have an equivalent adult size of s i , for example because they may have special age-related needs. 19 The equivalent size of the population at t is P t = P i s i N i,t and the average equivalent size is s t = P t / /N t . The question then arises as to the variable, or 'welfare metric' to enter the social welfare 18 Weitzman actually gave the continuous time version of the above result. He also discussed the use of certainty equivalent discount rates and the implications of what Arrow and Hurwitz (1972) called 'pure uncertainty'. On alternative approaches to uncertainty see, for example, Shilizzi (2007) and Woodward and Bishop (1997) . 19 The discussion in this section assumes that population size is exogenous. However, taking a wider perspective means that judgements about population size and composition are themselves involved in social welfare comparisons. This raises important issues that are beyond the scope of the present paper. function. One approach is to write U, the weighting function, as a function of the ratio of average consumption to average equivalent size, c t /s t = C t /P t , where C t denotes aggregate consumption in period t. It should be recognised that this is not equal to average consumption per equivalent person, the average value of c/s in the population at year t.
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Given a distinction between individuals and equivalent persons, a further decision must be made about the unit of analysis in a welfare function. This decision again involves value judgements. The question of choice of units has been considered in the literature on inequality measurement, but has received little attention in multi-period contexts; for an exception, see Creedy and Guest (2008) . 21 Statements about comparisons between households, in the context of inequality, can easily be converted to statements about comparisons between time periods. One approach to defining a unit of analysis is to use the 'adult equivalent person'. In the multiperiod context, there are P t adult equivalent persons at time t, and so the social welfare function becomes:
The resulting Euler equation for optimal growth at t is:
where g t , p t and n t are respectively the proportional rates of change of C t , P t and N t . In this way, the 'income' concept and the unit of analysis are treated consistently, ensuring that each individual's contribution depends on the demographic structure of the time period to which they belong. An alternative approach is to treat the individual as the basic unit of analysis. 20 The two terms are equal either if c i,t /s i,t is constant for all i, or if s i,t and c i,t are uncorrelated. 21 Major contributions in the context of inequality include Shorrocks (2004), Decoster and Ooghe (2002), Glewwe (1991) and Ebert (1997) . The use of different units can lead to opposite conclusions about the effects on inequality of a tax policy change. Examples of such conflicts using tax microsimulation models are given by Decoster and Ooge (2002) and Creedy and Scutella (2004) .
As there are N t individuals at time t, the social welfare function can be written as:
For the optimal consumption path problem, the Euler equation is found to be:
so that although the difference between the social welfare functions (31) and (33) concerns only the choice of weights in each period, that is a choice between P t or N t , the resulting optimal consumption paths can differ substantially. This is because the choice between individuals and adult equivalents as the basic unit of analysis can in principle lead to different conclusions about the effects of transferring consumption between time periods, which has implications for the path of optimal consumption.
Measurement Attempts
It has been stressed that the elasticity of marginal valuation, ε, is not an objective measure relating to individuals in society, but reflects the subjective value judgements of a fictional judge who is evaluating alternative policies or outcomes. However, a superficially similar-looking concept of the 'elasticity of marginal utility' plays a central role in some consumer demand systems, particularly where directly additive utility functions are involved; this was first clarified by Frisch (1959) . Define the elasticity of the marginal utility of total expenditure with respect to total expenditure as ξ. If δ j denotes the Kroneker delta, such that δ j = 0 when 6 = j, and δ j = 1 when = j, and e is the total expenditure elasticity for good , and w j is the budget share of good j, Frisch showed that the price elasticities, e j , can be written as:
This can be used to obtain ξ, given independent values of the elasticities. In the special case of the Linear Expenditure System, the elasticity of marginal utility has a convenient interpretaion: it is the ratio of total expenditure to supernumerary expenditure, that is, expenditure above a 'committed' amount. The use of the LES in empirical demand studies therefore necessarily involves an (absolute) elasticity value which is well above unity, and studies typically obtain a value of around 2. In view of the entirely different contexts of welfare comparisons involving social evaluation functions and empirical studies of household consumption behaviour, there is no relationship whatsoever between ε and ξ. In other words, there is no reason why a value of ε, to be imposed in making comparisons, could be 'estimated' using information from studies of household budgets. Nevertheless, this suggestion is sometimes made; for example, elasticities obtained on the basis of the Linear Expenditure System are discussed by Evans (2005, pp. 204-206) .
In considering alternative values of ε, it is useful to ensure that they are within a range that is considered appropriate by potential users of the results: for example there is little point in reporting values of, say, ε > 10 if the vast majority of readers would regard them as extreme. Hence questionnaire studies have been designed to elicit information about individuals' value judgements. 22 It was in this spirit that the questionnaire study of Amiel et al. (1999) was carried out. Nevertheless, there was no suggestion that questionnaires can produce any single value that should be used in policy evaluations. 23 A substantial number of respondents did not adhere to the constant relative inequality aversion form. In addition, Amiel and Cowell (1994) have found that a large number of questionnaire respondents do not actually share the value judgements that are explicit in the most common forms of social welfare function used in evaluation work, such as the one discussed above. This presents a challenge to produce alternative flexible specifications. 22 Early questionnaire studies were carried out by Glesjer et al. (1977) , and Gevers et al. (1979) , although no attempt was made to estimate precise specifications of distributional preferences. 23 There is sometimes confusion about this, as in Evans (2005).
Taxation and Equal Absolute Sacrifice
A different approach to the 'estimation' of ε involves attempts to estimate the implicit value judgements revealed by tax and transfer policies. Some authors, including Stern (1977) , Cowell and Gardiner (1999) and Evans (2005) , have suggested that such estimates provide a guide to ε values which should be applied in policy evaluations. 24 There are two steps to such an approach. The first step attempts to infer, from tax policy decisions, value judgements which are not otherwise made explicit. Such an attempt can be defended -provided of course that the model used to make inferences is plausible. For example, such estimates may be useful in checking whether there is in fact any correspondence between policies and basic value judgements of policy makers. Given the complexities involved in tax policy design, it may be useful to know if a particular structure is associated with implicit judgements that may actually be very different from those held (though seldom made explicit). 25 The second step is the illegitimate one of suggesting that estimates of implicit value judgements 'should' be used in making social evaluations. This criticism applies even in the most unlikely case where implicit views can be identified precisely.
This subsection considers the first 'positive' step taken by the authors mentioned above, and suggests that the model used is inadequate. The approach is based on the assumption that income tax policy-makers aim to achieve equal absolute sacrifice. It assumes that incomes are exogenously given, rather than arising from endogenous labour supply behaviour (subject to endowments and education which give rise to individual productivities). Suppose x represents income and the tax function is T (x) . Equal absolute sacrifice requires, for all x, that the absolute difference between pre-tax and post-tax utility is the same for all individuals. Hence:
where U (.) represents a utility function which is considered to be the same for all individuals. The parameter k depends on the amount of revenue per person. 26 The combination of equal absolute sacrifice with the iso-elastic function, U (x) = x 1−ε τ / (1 − ε τ ) for ε τ 6 = 1, gives, from (36) above:
Differentiation and simplification gives, as in Evans (2005, p.207) , the result that:
where T 0 (x) and T (x) /x are marginal and average tax rates. This expression has been used to carry out ordinary least squares regressions using income tax schedules, so that ε τ and its standard error are obtained as a regression coefficient. There is some difference of opinion over whether to include a constant in the regression: compare Cowell and Gardiner (1999) and Evans (2005) , who also use different income measures. Alternatively, (38) can be rearranged to get ε τ = log(1 − MT R)/ log (1 − AT R) , and 'estimates' of ε τ are obtained and compared using simply the marginal and average tax rates at different income levels. This approach automatically produces a value of ε τ in excess of unity for a progressive tax system, for which the marginal tax rate exceeds the average tax rate. This feature was first discussed by Edgeworth (1897) and formally shown by Samuelson (1947) . The values of ε τ obtained in this way are thus severely constrained by the specification of the objective of equal absolute sacrifice. Furthermore, those using the approach to 'estimate' ε ignore the objections raised by Edgeworth and others concerning the various interpretations of sacrifice theories.
For ε τ > 1, equation (37) can be rearranged as:
which gives smooth and increasing marginal and average rate schedules. Of course, in practice tax functions are multi-step functions with ranges where the marginal rate is constant. In some structures there is a 'standard rate' which applies over a wide range of taxable income, so the above function obviously has difficulty capturing this range. 30 The imposition of ε > 1 is highly restrictive. Furthermore, the model applies only to positive taxes. It can thus relate at best to a small component of a much broader set of taxes and transfers. Hence some scepticism must be attached to interpretations of estimates obtained using this model as implicit value judgements. It seems most likely that the approach has been chosen largely -or indeed only -for its simplicity. On the other hand, the optimal tax framework has demonstated the considerable complexity involved in the link between value judgements and the tax structure and, importantly, progression can arise with values of ε < 1. But of course even if the estimation of implicit preferences were considered plausible, they cannot qualify as value judgements which should be imposed. There is no alternative to accepting that value judgements are required and the best attitude of professional economists is to report a range of results based on alternative value judgements. In reporting results, readers need to appreciate precisely what is implied about value judgements by different values of ε, since it is not immediately obvious whether, for example, a value of ε = 0.5 indicates a high or low aversion to inequality. This is considered 29 In stating this result, Young (1987, p. 212) rewrote −k (1 − ε) as λ 1−ε , so that the tax function campares with a constant elasticity of substitution form. 30 If equal absolute sacrifice is combined with a welfare function displaying constant absolute inequality aversion, α, such that W = 1 − exp (−αx), a tax function of the form T (x) = x + 1 α log {k + e −αx } arise. This can be made to display rate schedules similar to those illustrated above. Dalton (1954, pp .68-70) discussed several examples using alternative utility functions and sacrifice principles, and showed that if equal absolute sacrifice produces progression, equal proportional sacrifice produces a more progressive tax structure. In an early study, Preinreich (1948) considered the form of the utility schedule consistent with the US tax legislation, without imposing a specific functional form over the whole income range. He assumed equal proportional sacrifice. in the following section.
Interpreting Orders of Magnitude
In using ε values to compute values of social welfare functions, or carry out cost-benefit evaluations, there is no alternative but to consider a range alternative values, implying different degrees of aversion to inequality. In some cases, 'dominance' results may be obtained. In other words one policy may be judged to give rise to a higher value of social welfare than another policy for all values of ε. In other situations, readers can make up their own minds given the reported computations. It is therefore important to appreciate the precise nature of the comparisons being made. When the link between a social welfare function and a measure of inequality was introduced by Atkinson (1970) , he recognised the difficulty of forming views about the orders of magnitude of ε using the welfare function W = P H h=1 y 1−ε h
1−ε
. In order to help interpretation, he used the idea of a 'leaky bucket' experiment, which considers the extent to which a judge is prepared to tolerate some loss in making a transfer from one person to another. 31 Consider two individuals, so that from the welfare function, setting the total differential equal to zero gives:
The welfare function is thus homothetic, as the slopes of social indifference curves are the same along any ray drawn through the origin. Consider two individuals and, using discrete changes, suppose a dollar is taken from the richest, such that ∆y 2 = −1. The amount to be given to the other individual to keep social welfare unchanged is thus:
For example, if y 2 = 2y 1 and ε = 1.5, it is necessary to give person 1 only 35 cents -a leak of 65 cents from the original dollar taken from person 2 is tolerated. If ε = 1, a leak of 50 cents is tolerated. This type of experiment, and thus the sensitivity of the tolerance for a leaking bucket, is well-known in the literature on inequality measurement. But in other contexts in which the same kind of iso-elastic function is used, relatively large values of ε are often adopted without, it seems, consideration of such implications. 32 For example, in the intertemporal literature, a value of ε = 2 is often used. Suppose that total income (or consumption) in the first period is 100 and this grows at a rate of 0.02 per period. In period 10 it is thus 119.5, and a judge with ε = 2 would be prepared to take a dollar from period 10, and give only $0.70 to period 1. By period 20 total income would be 145.7, and the same judge would reduce period 20's income by $1 while adding only $0.47 to the first period. The social time preference rate is thereby increased significantly above the pure time preference rate. The leaky bucket experiment therefore provides a useful illustration of the implications, in terms of value judgements, of adopting particular values of ε in any policy evaluation.
Conclusions
This paper has provided an analytical review of problems arising in the evaluation of alternative time streams of consumption using the concept of time preference. The potential sensitivity of comparisons, especially to the choice of time preference rate and elasticity of marginal valuation, was stressed. The nature of time preference, based on an axiomatic approach, was examined. The analysis of individual optimisation over time then led to the concept of the social time preference rate, and a difficulty with using this rate was highlighted and complications introduced by non-income differences between individuals were examined. Attempts to measure the elasticity of marginal valuation were critically discussed. A basic theme of this paper is that ultimately, evaluations cannot avoid value judgments, so the role of the economist is to examine the implications 32 However, it is discussed by Pearce and Ulph (1998, pp.280-281).
of adopting alternative value judgements. As argued by Varian (2006) , 'Exploring the implications of alternative assumptions is likely to lead to better policy than making a single blanket recommendation. At least at this stage of our understanding, exploration beats exhortation'. 33 In view of the fact that, in the formulations discussed here, there are few parameters representing value judgements, sensitivity analyses do not present any problems computationally. There is no excuse for computing and presenting only one set of values. However, care is needed regarding presentation of results. First, it is useful to investigate whether 'dominance' results can be obtained: that is, is one policy option judged superior to others for all, or at least a very wide range, of parameter value combinations? When clearly specified alternative policies are being considered, it is more useful to report critical values of parameters, and their combinations, for which a particular policy dominates, rather than using an arbitrary range of values. For example if there are just two alternative consumption streams, a diagram showing combinations of ε and ρ (where the relevant social welfare function is involved) which 'divide' the two policies can be constructed. Above all, the nature of the comparisons must be explained as clearly as possible to policy makers. Here the type of leaky bucket experiment discussed above can be useful. Above all, economists have a duty to make it clear that there is no observable 'social time preference rate' or 'elasticity of marginal valuation' which 'should' be imposed in any policy analysis.
